Packets of Rossby waves play an important role in the transfer of kinetic energy in the extratropics. The ability to locate, track, and detect changes in the envelope of these wave packets is vital to detecting baroclinic downstream development, tracking the impact of the analysis errors in numerical weather forecasts, and analyzing the forecast effects of targeted weather observations. In this note, it is argued that a well-known technique of digital signal processing, which is based on the Hilbert transform, should be used for extracting the envelope of atmospheric wave packets. This technique is robust, simple, and computationally inexpensive. The superiority of the proposed algorithm over the complex demodulation technique (the only technique previously used for this purpose in atmospheric studies) is demonstrated by examples. The skill of the proposed algorithm is also demonstrated by tracking wave packets in operational weather analyses from the National Centers for Environmental Prediction (NCEP) and analyzing the effects of targeted observations from the 2000 Winter Storm Reconnaissance (WSR00) field program.
Introduction
In this note we consider a situation in which we are given a spatially dependent scalar atmospheric quantity (x), and that there is a range of wavenumbers 0 Ͻ k min Յ k Յ k max in which waves of physical interest are known to occur. Using this information, we seek to extract from (x) a suitable wavelike component of the form
where A(x), the envelope, is slowly varying in x as compared to the phase (x) (see Fig. 1 for an example). Often A(x) will be spatially localized, in which case we refer to it as the wave packet envelope (for more details see Pedlosky 1987) . The desire to locate wave packets in observed atmospheric data is as old as the knowledge that Rossby waves play a key role in shaping the weather in the midlatitude extratropics (Rossby 1945 (Rossby , 1949 Yeh 1949; Phillips 1990; Persson 2000) . The first technique that was used to detect the propagation of synoptic-scale Rossby waves (wavenumbers 4-9) was the trough-ridge VOLUME diagram proposed by Hovmöller (1949) . In a Hovmöller diagram a selected atmospheric variable, usually the deviation from the mean of the meridional component of the wind or the geopotential height, is averaged over a latitude band and plotted as a time-longitude diagram. The signature of a propagating wave packet in the Hovmöller diagram is a series of alternating positive and negative regions aligned in a diagonal direction.
M O N T H L Y W E A T H E R R E V I E
While the Hovmöller diagram is a powerful tool, it cannot detect the two-dimensional horizontal structure of the wave packets. This can lead to obscure results when wave packets coexist in close proximity at different latitudes. To remedy this problem, recent papers on downstream wave packet propagation (Lee and Held 1993; Chang and Yu 1999; Chang 2000) have utilized the method of complex demodulation (for an in-depth review see Bloomfield 2000) . This technique assumes that (x) can be written as (x) ϭ Re[A(x) exp(ikx)], where k is a supposed carrier wavenumber. Then the spectrum of (x) is shifted by multiplying (x) by exp(Ϫikx). Finally, the absolute value of the wave packet envelope, | A(x) | , is extracted by low-pass filtering to remove high-wavenumber components from the shifted signal. The general wisdom has been that the result is not sensitive to the choice of the carrier wavenumber when it is chosen from a plausible wavenumber range. (For instance, for carrier wavenumber 7 the position and amplitude of the maximum of | A(x) | is usually identified with acceptable precision, even if the demodulation is done by wavenumber 6 or 8.) While this assumption leads to reasonable results in most cases, demodulating by the wrong wavenumber results in incorrect computation of the wave packet envelope when wave packets of distinct carrier wavenumbers coexist at the same latitude.
The aforementioned problem can be easily demonstrated by an example using the following artificial signal that consists of two wave packets with carrier wavenumbers 4 and 9 at the same latitude (see Fig. 2 ):
(2) Figure 2 shows the resulting wave packet envelopes when the demodulation is performed using carrier wavenumbers from 4 through 11. It is evident that demodulating by a single wavenumber distorts the envelope of at least one of the wave packets.
The main aim of this note is to introduce a robust technique for extracting the envelope of atmospheric wave packets that is not affected by the aforementioned problem. The proposed technique does not require the specification of a carrier wavenumber, is easy to implement, and is computationally inexpensive. Although this technique is well known in digital signal processing (Gabor 1946; Oppenheim and Schafer 1975; Laine and Fan 1996) , to the best of our knowledge, it has not previously been used for extracting the envelope of atmospheric wave packets. In what follows, we give a step-by-step description of the algorithm (section 2) and demonstrate its skill using four examples (section 3). These examples include two analytical cases for which the packet envelope is known: the tracking of an uppertropospheric wave packet in operational weather analyses from the National Centers for Environmental Prediction (NCEP), and the tracking of the impact of targeted dropsonde observations that were collected by one of the flight missions during the 2000 Winter Storm Reconnaissance Program (Szunyogh et al. 2002) .
Description of the algorithm
In what follows, (x) is considered on an equidistant grid along a latitude circle, which is parameterized by x, with 0 Ͻ x Յ 2. The grid points are located at x ϭ 2l/N, where l ϭ 1, 2, . . . , N, and N is an even integer.
The following algorithm is proposed to isolate the wave packet envelopes:
• Step 1. The Fourier transform of the real function (x) is computed:
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• Step 2. The inverse Fourier transform is applied to a selected band (0 Ͻ k min Յ k Յ k max ) of the positive wavenumber half of the Fourier spectrum:
2. An analytical example of a function, (x), that consists of two wave packets with carrier wavenumbers 4 and 9, respectively. Thin line represents (x), while dashed lines show the result of demodulation by wavenumbers from 4 through 11. Thick solid lines represent the envelope recovered by our method.
• Step 3. The packet envelope is computed as follows:
This algorithm is a combination of the signal processing technique known as the Hilbert transform, 1 and a simple
Two possible choices of the spectral filter function (see section 2 for details).
Examples
Example 1: Let
Applying steps 1 and 2 of our algorithm, we get
, and the wave packet envelope for this example is A(x) ϭ | w(x) | ϭ 1 ϩ 2 cos(x). Indeed, (x) can be expressed in the following form:
It can be easily verified that w(x) can be obtained numerically by applying the Fourier transform to (x), removing the negative wavenumber part of the spectrum, and then applying the inverse Fourier transform to the resulting spectrum. The result for k ϭ 7 is plotted in Fig. 1 . Example 2: The proposed algorithm is applied to the analytical example, Eq. (2), that was used in section 1 to demonstrate the shortcomings of the complex demodulation technique. For this example we use k min ϭ 1 and k max ϭ 12. Figure 2 shows clearly that, in contrast to complex demodulation, the proposed algorithm accurately extracts the wave packet envelopes when wave packets with different carrier wavenumbers coexist at the same latitude.
Example 3: The proposed algorithm is applied to analyze a case from the 2000 Winter Storm Reconnaissance targeted observations field program (Szunyogh et al. 2002) . In particular, we consider the wave packet that significantly contributed to the deepening of a trough over the eastern United States on 25 and 26 January. The most significant failure of the numerical weather prediction models in the 1999-2000 winter season was associated with the prediction of the storm related to this trough (for details see Buizza and Chessa 2002; Langland et al. 2002; Zhang et al. 2002) . Our goal is to track the propagation of this upper-tropospheric wave packet. We restrict our analyses to the meridional wind component at the 300-hPa pressure level on a global 2.5Њ by 2.5Њ resolution grid (N ϭ 144) with 24-h temporal resolution. Since the goal is to track packets of short Rossby waves associated with baroclinic energy conversion, k min and k max are chosen to be 4 and 9, respectively. Our wave packet analysis shows clearly why this was a particularly difficult forecast situation. In Fig. 4 , the wave packet can be clearly identified even as early as 0000 UTC 21 January 2000 (WP marks the location of the maximum of the packet envelope). At that time the wave packet is located over Japan. Subsequently the hydrodynamical influence in the upper troposphere (and the effect of analysis uncertainties) traveled with the wave packet at an approximate speed of 30Њ day Ϫ1 from the Pacific regions. Once the wave packet reached the Atlantic, its envelope started to amplify rapidly due to local baroclinic energy conversion.
2 This result corroborates the conclusions of Langland et al. (2002) , obtained by adjoint sensitivity calculations, that initial condition uncertainties over the Pacific had an influence on the quality of the 72-h forecasts of the storm.
Example 4: Studies based on the analytical investigation of idealized atmospheric flows predicted long ago that an initially localized disturbance in the initial condition of a synoptic-scale numerical weather prediction would propagate as a packet of synoptic-scale Rossby waves (Rossby 1949; Charney 1949) . Targeted weather observations (e.g., Snyder 1996; Szunyogh et al. 1999; Palmer et al. 1998; Gelaro et al. 1999; Bergot et al. 1999; Pu and Kalnay 1999) change the initial conditions with the aim of removing localized initial condition errors that have potentially large negative forecast effects. As pointed out by Szunyogh et al. (2000 Szunyogh et al. ( , 2002 based on analysis of data from the 1999 and 2000 Winter Storm Reconnaissance programs, upper-tropospheric wave packets play a twofold role in the targeted observation problem. First, they build a dynamical relationship between the targeted region and the verification region, where the forecast is to be improved at a later time. This relationship can be detected by an objective targeting technique, such as the ensemble transform Kalman filter (Bishop et al. 2001) . Second, it can be expected that the local changes introduced by the targeted data would propagate in the form of Rossby wave packets in the upper troposphere, as it was predicted by the theory of Rossby (1949) and Charney (1949) .
While the results of Szunyogh et al. (2000 Szunyogh et al. ( , 2002 ) strongly indicated that the latter statement is true even for complex atmospheric flow configurations, no strong evidence was offered to show that the impact of the dropsondes propagates in the form of synoptic-scale Rossby wave packets. One way to demonstrate that this view is correct is to show that the wave packet can be detected in the dropsonde signal. [This signal is defined FIG. 5 . Time evolution of the envelope of the 300-hPa geopotential height signal (gpm) for the 3-day period starting at 0000 UTC 25 Jan 2000. The signal is defined by the difference between a forecast that was initiated by assimilating all targeted and standard (nontargeted) observations and a forecast that was initiated by assimilating only the standard observations. Values smaller than 1.5 gpm are not shown. The dropsonde locations are shown by red crosses at 0000 UTC 25 Jan 2000 and the verification region is marked by a circle at 0000 UTC 27 Jan 2000.
VOLUME 131 M O N T H L Y W E A T H E R R E V I E W
by the difference between the NCEP global model forecast that was initiated by assimilating all targeted and standard (nontargeted) observations and the NCEP global model forecast that was initiated by assimilating only the standard observations.]
In this example, the algorithm described in section 2 is applied to the signal from a dropsonde mission that was associated with the atmospheric wave packet of example 3. Targeted observations were collected at 0000 UTC 25 January 2000 to improve the prediction of a secondary development at 0000 UTC 27 January 2000 over the East Coast, and not the major storm itself on 25-26 January 2000 (see Szunyogh et al. 2002 for further details). Figure 4 shows that the dropsonde observations targeted the tail of the observed atmospheric wave packet and that the verification region was also located at the tail of the eastward propagating wave packet at verification time. The results shown in Fig. 5 demonstrate that after an initial transient, not longer than 12 h, the data impact in the upper troposphere propa-gated in the form of a wave packet and the leading edge of the eastward expanding data impact propagated with the speed of the atmospheric wave packet.
Conclusions
In this note we have presented a robust objective method for extracting the envelope of packets of synoptic-scale Rossby waves. We believe that our method provides a potentially useful tool in analyzing meteorological problems related to the propagation of wave packets, such as studying local baroclinic instability (Swanson and Pierrehumbert 1994; Orlanski and Sheldon 1993) , tracking the origin of localized forecast errors (Persson 2000) , and analyzing the propagation of the influence of targeted observations (Szunyogh et al. 2002) .
